Abstract. Let X be a compact metrizable group and Γ a countable group acting on X by continuous group automorphisms. We give sufficient conditions under which the dynamical system (X, Γ) is surjunctive, i.e., every injective continuous map τ : X → X commuting with the action of Γ is surjective.
Introduction
Consider a dynamical system (X, Γ) consisting of a compact metrizable space X equipped with a continuous action of a countable group Γ. A map τ : X → X is said to be Γ-equivariant if it commutes with the action of Γ on X, i.e., τ (γx) = γτ (x) for all γ ∈ Γ and x ∈ X. Following a terminology introduced by Gottschalk in [5] , let us say that the dynamical system (X, Γ) is surjunctive if every injective Γ-equivariant continuous map τ : X → X is surjective (and hence a homeomorphism).
There are several important classes of dynamical systems that are known to be surjunctive.
First note that the dynamical system (X, Γ) is surjunctive whenever the phase pace X is incompressible, i.e., there is no proper subset of X that is homeomorphic to X. This is for example the case when X is a closed topological manifold (e.g. a compact Lie group) by Brouwer's invariance of domain.
Another class of surjunctive dynamical systems is provided by the systems that satisfy the descending chain condition. We recall that one says that the dynamical system (X, Γ) satisfies the descending chain condition (d.c.c. for short) if every decreasing sequence
of Γ-invariant closed subsets X i ⊂ X (i ∈ N) eventually stabilizes, i.e., there is an integer k ≥ 0 such that X i = X k for all i ≥ k. Indeed, suppose that (X, Γ) satisfies the d.c.c. and τ : X → X is an injective continuous Γ-equivariant map. By applying the d.c.c. to the sequence
Date: July 29, 2018. 2010 Mathematics Subject Classification. 37D20, 22D45, 22E40, 54H20. Key words and phrases. algebraic dynamical system, compact group, surjunctivity, expansivity, mixing, descending chain condition, topological entropy. we see that there is an integer k ≥ 0 such that τ k (X) = τ k+1 (X). Since τ k is injective, this implies X = τ (X), showing that τ is surjective. Note that a minimal dynamical system (i.e., a system containing no proper invariant closed subsets) trivially satisfies the d.c.c. Actually every Γ-equivariant continuous map τ : X → X is surjective when (X, Γ) is minimal. More generally, (X, Γ) satisfies the d.c.c. if X contains only finitely many closed Γ-invariant subsets or if every closed Γ-invariant subset of X is finite.
There are also several classes of symbolic dynamical systems that are known to be surjunctive. Let S be a compact metrizable space, called the alphabet or the space of symbols. Given a countable group Γ, the Γ-shift on the alphabet S is the dynamical system (S Γ , Γ), where S Γ = {x : Γ → S} is equipped with the product topology and the action of Γ on S Γ is given by the formula (γx)(γ
′ ∈ Γ and x ∈ S Γ . These shift systems are not surjunctive in general. Indeed, suppose for example that the alphabet space S is compressible (e.g. S is the closed unit interval [0, 1] ⊂ R or the Cantor set K ⊂ [0, 1] or the infinite-dimensional torus T N with T := R/Z) and let ι : S → S be an injective continuous map that is not surjective. Then the map τ :
and γ ∈ Γ, is clearly injective, Γ-equivariant, and continuous. However, τ is not surjective since ι is not. Thus, the shift system (S Γ , Γ) is never surjunctive when the alphabet S is compressible. If M is a closed topological manifold and the group Γ is residually finite, it was observed in [3, Corollary 7.8 ] that the Γ-shift (M Γ , Γ) is surjunctive. On the other hand, it follows from a deep theorem of Gromov [6] and Weiss [13] that, if Γ is a sofic group and S is a finite discrete space, then the Γ-shift (S Γ , Γ) is surjunctive. Sofic groups form a wide class of groups containing in particular all residually amenable groups but it is not known if the Gromov-Weiss surjunctivity theorem remains valid for all groups (Gottschalk conjecture). Actually, there is no example of a nonsofic group up to now although it seems that many experts in the field do believe in the existence of non-sofic groups.
One says that a dynamical system (X, Γ) is expansive if there exists a constant δ = δ(X, Γ, d) > 0 such that, for every pair of distinct points x, y ∈ X, there exists an element γ = γ(x, y) ∈ Γ such that d(γx, γy) ≥ δ. Here d denotes a compatible metric on X. The fact that this definition does not depend on the choice of d follows from the compactness of X. For instance, a shift system (S Γ , Γ) is expansive if and only if the alphabet S is finite.
Given a dynamical system (X, Γ), a point x ∈ X is said to be Γ-periodic if its Γ-orbit Γx := {γx : γ ∈ Γ} ⊂ X is finite. In [4, Proposition 5.1], it was observed that if (X, Γ) is an expansive dynamical system whose periodic points are dense in X, then (X, Γ) is surjunctive.
Note that satisfying the d.c.c. is a hereditary property, in the sense that every subsystem of a dynamical system satisfying the d.c.c. satisfies it as well. Expansivity is also hereditary but surjunctivity and density of periodic points are not. Consider for example the Z-shift ({0, 1}
Z , Z) on the alphabet with two elements 0 and 1, and the closed Z-invariant subset Σ ⊂ {0, 1}
Z consisting of all bi-infinite sequences of 0s and 1s with at most one chain of 1s. Then the continuous map τ : Σ → Σ given by
is clearly injective and commutes with the shift. However, τ is not surjective since a sequence of 0s and 1s where 1 appears exactly once is in Σ but not in the image of τ . Thus, the subsystem (Σ, Z) is not surjunctive. On the other hand, periodic sequences are dense in {0, 1} Z while the only periodic sequences in Σ are the two constant ones. This example also shows that an expansive dynamical system may fail to be surjunctive.
An algebraic dynamical system is a dynamical system of the form (X, Γ), where X is a compact metrizable topological group and Γ is a countable group acting on X by continuous group automorphisms. Observe that if S is any compact metrizable group, then the Γ-shift (S Γ , Γ) is an algebraic dynamical system for every countable group Γ. Algebraic dynamical systems have been intensively studied in the last decades (see the monograph by Schmidt [12] and the references therein). As it was already observed by Halmos [7] in the particular case Γ = Z, they provide a large supply of interesting examples for ergodic theory. Moreover, Pontryagin duality can be fruitfully used when X is abelian to analyse them.
The goal of this note is to give sufficient conditions for an algebraic dynamical system to be surjunctive. The first of our results is the following. Theorem 1.1. Let X be a compact metrizable group equipped with an action of a countable group Γ by continuous group automorphisms. Suppose that X is connected with finite topological dimension and that the action of Γ on X is expansive. Then the dynamical system (X, Γ) is surjunctive. Remark 1.2. By a result of Lam [9, Theorem 3.2] , if a compact connected metrizable group X admits an expansive action of a countable group Γ by continuous group automorphisms, then X is necessarily abelian. Thus, every group X that satisfies the hypotheses of Theorem 1.1 is abelian. Finite-dimensional connected metrizable abelian groups are often called solenoids in the literature. By Pontryagin duality, solenoids are in one-to-one correspondance with finite-rank torsionfree abelian groups (see e.g. [11] ). Theorem 1.3. Let X be a compact metrizable group equipped with an action of Z d by continuous group automorphisms. Suppose that the action of Z d on X is expansive. Then the dynamical system (X, Z d ) is surjunctive.
As every shift over a finite alphabet is expansive and any subsystem of an expansive system is itself expansive, an immediate consequence of Theorem 1.3 is the following. If (X, Γ) is an algebraic dynamical system, then the Haar probability measure λ X on X is Γ-invariant, i.e., λ X (γA) = λ X (A) for every measurable subset A ⊂ X (this imediately follows from the uniqueness of Haar measure). One says that (X, Γ) is mixing if
for all measurable subsets A 1 , A 2 ⊂ X (here ∞ denotes the point at infinity in the one-point compactification of the discrete group Γ). For example, the Γ-shift (S Γ , Γ) is mixing for any compact metrizable group S and any countable group Γ (just observe that (1.1) is obvious when A 1 , A 2 ⊂ S Γ are cylinders). One says that an algebraic dynamical system (X, Γ) satisfies the algebraic descending chain condition (a.d.c.c. for short) if every decreasing sequence
Theorem 1.5. Let X be a compact metrizable abelian group equipped with an action of Z d by continuous group automorphisms. Suppose that X is connected and that (X, Z d ) is mixing, satisfies the algebraic descending chain condition, and has finite topological entropy. Then the dynamical system (X, Z d ) is surjunctive.
One can use Pontryagin duality to check that the hypotheses of Theorem 1.5 are satisfied. Let X be a compact metrizable abelian group. Then its character group X is a discrete countable group. Recall first that X is connected if and only if X is torsion-free. When X is equipped with a continous action of Γ = Z As the ring R d is Noetherian, this amount to saying that X is a finitely generated module. Also, the fact that (X, Z d ) is mixing and has finite topological entropy can be read on the Z[Γ]-module structure of X (see [12] and Example 3.4 below).
Proofs
For the proof of Theorem 1.1, we shall use the following result.
Lemma 2.1. Let X be a compact connected metrizable abelian group with finite topological dimension. Then every injective continuous group endomorphism of X is surjective.
Proof. Let α : X → X be an injective continuous group morphism and let n denote the topological dimension of X. Then the Pontryagin dual X of X is a discrete torsion-free group with rank n. Therefore V := X ⊗ Z Q is an n-dimensional Q-vector space and X embeds as a subgroup of V via the map φ → φ ⊗ Z 1. Furthermore the dual endomorphism α uniquely extends to a Q-linear map α Q : V → V . The injectivity of α implies the surjectivity of α (see [11, Proposition 30] ) and hence the surjectivity of α Q . As every surjective endomorphism of a finite-dimensional vector space is injective, it follows that α Q is injective. As α is the restriction of α Q to X, we deduce that α is itself injective and therefore we conclude that α = α is surjective.
Proof of Theorem 1.1. As pointed out in the Introduction, the group X is abelian by [9, Theorem 3.2] . Let τ : X → X be an injective Γ-equivariant continuous map. It follows from a rigidity result of Bhattacharya [1, Corollary 1] that τ is an affine map, i.e., there is a continuous group endomorphism α : X → X and an element b ∈ X such that τ (x) = α(x) + b for all x ∈ X. The injectivity of τ is clearly equivalent to that of α. Applying Lemma 2.1, we deduce that α is surjective. This implies that τ is surjective as well.
Proof of Theorem 1.3. It follows from a result of Kitchens and Schmidt [8, Corollary 7.4] that, under theses hypotheses, the Γ-periodic points are dense in X. On the other hand, as already mentioned in the Introduction, it is known [4, Proposition 5.1] that every expansive dynamical system admitting a dense set of periodic points is surjunctive.
Proof of Theorem 1.5. Let τ : X → X be an injective Γ-equivariant continuous map. By a rigidity result due to Bhattacharya and Ward [2, Theorem 1.1], one has that τ is affine, that is, there is a continuous group endomorphism α : X → X and an element b ∈ X such that τ (x) = α(x) + b for all x ∈ X. Since τ is injective, so is α. Consider now the sequence
satisfies the a.d.c.c., arguing as in the Introduction, we deduce that X = α(X). It follows that X = α(X) + b = τ (X), that is, τ is surjective.
Examples
Example 3.1. The hypothesis that X is finite-dimensional cannot be dropped from Lemma 2.1. Indeed, X := T N , where T := R/Z and N is the set of non-negative integers, is a compact connected metrizable abelian group. However, the map α : X → X, given by α(x)(0) := 0 and α(x)(n) := x(n − 1) for all x ∈ X and n ≥ 1, is a continuous injective group endomorphism of X that is not surjective. Note that, for any countable group mma, the Γ-shift (X Γ , Γ) yields an example of a non-surjunctive mixing algebraic dynamical system whose phase space is connected and abelian.
Example 3.2. The hypothesis that X is connected cannot be dropped from Lemma 2.1. Indeed, let p be any prime and thake X := Z p , the group of p-adic integers. Then X is a 0-dimensional compact metrizable abelian group. However, the map α : X → X, defined by α(x) := px for all x ∈ X, is an injective continuous group endomorphism of X that is not surjective. Note that, for any countable group Γ, the Γ-shift (X Γ , Γ) yields an example of a non-surjunctive mixing algebraic dynamical system whose phase space is 0-dimensional and abelian.
Observe that X is connected. Indeed, consider the subset E ⊂ Z 2 defined by E := {(n 1 , n 2 ) ∈ Z 2 : n 2 = 0 or (n 1 = 0 and n 2 < 0)}.
Then the restriction map X → T E is clearly a continuous group isomorphism. Consequently, X is isomorphic, as a topological group, to the infinite-dimensional torus T N . The algebraic dynamical system (X, Z 2 ) is called the connected Ledrappier subshift (cf. [10, Example 5.6] , [12] ). It can be checked that (X, Z 2 ) is mixing, satisfies the a.d.c.c., and has finite topological entropy (see [12] ). Therefore (X, Z 2 ) is surjunctive by Theorem 1.5. Note that (X, Z 2 ) is not expansive (see [12] ) so that we could not have invoked Theorem 1.3 to get surjunctivity of (X, Z 2 ). 
Let C * := C \ {0} denote the non-zero complex numbers and U ⊂ C * the unit circle.
The variety of f is the subset
Then the following holds (cf. [12, Theorem 6.5 and Theorem 18.1]): This is the Furstenberg subshift. Here V C (f ) = {3/2} so that X is connected and (X, Z) is expansive. Note that the evaluation map at u 1 = 3/2 induces a quotient map X = R 1 /f R 1 → Z [1/6] that is an isomorphism of R 1 -modules, where the R 1 -module structure on Z[1/6] is the one generated by multiplication by 3/2. If d = 2 and f = 1+u 1 +u 2 , then (X, Z 2 ) is the connected Ledrappier subshift described in Example 3.3. In that case, we have that
where ω = exp(2πi/3)), so that we recover the fact that X is connected and (X, Z 2 ) is mixing but not expansive.
